arXiv:hep-th/9706219v2 3 Jul 1997 


OU-HET 269 
KEK-Prep. 97-93 
KEK-TH-524 
hcp-th/97062l9 


Low Energy Theorems in N=1 
Supersymmetric Theory 


Kiyoshi Higashijima, * 1 ^ Muneto Nitta, 1,2 ['j Kazutoshi Ohta 1 ^ 

and 

Nobuyoshi Ohta 1 ^ 

1 Department of Physics, Graduate School of Science, Osaka University, 
Toyonaka, Osaka 560, Japan 

2 Theory Division, Institute of Particle and Nuclear Studies, KEK, 

Tsukuba, Ibaraki 305, Japan 


Abstract 

In N = 1 supersymmetric theories, quasi Nambu-Goldstone (QNG) bosons 
appear in addition to ordinary Nambu-Goldstone (NG) bosons when the 
global symmetry G breaks down spontaneously. We investigate two-body 
scattering amplitudes of these bosons in the low-energy effective Lagrangian 
formalism. They are expressed by the curvature of Kahler manifold. The 
scattering amplitudes of QNG bosons are shown to coincide with those of NG 
bosons though the effective Lagrangian contains an arbitrary function, and 
those with odd number of QNG bosons all vanish. 

* higashij @phys. wani. osaka-u. ac. j p. 

i nittam@theory.kek.jp, nitta@phys.wani.osaka-u.ac.jp. 

ikohta@funpth.phys.sci.osaka-u.ac.jp. Supported in part by the JSPS Research Fellowships. 
§ oht a@phy s. wani. Osaka- u. ac. j p. 




1 Introduction 


When the global symmetry G breaks down spontaneously to its subgroup H , there 
are massless Nambu-Goldstone (NG) bosons, as many as the broken generators. The 
low energy theorems say that the low-energy scattering amplitudes of NG bosons are 
determined only by the symmetries G and H. If we integrate out the massive parti¬ 
cles, we obtain the low-energy effective Lagrangian which reproduces the scattering 
amplitudes of NG bosons. 

Callan, Coleman, Wess and Zumino (CCWZ) constructed such a low-energy 
effective Lagrangian as a nonlinear sigma model whose target manifold is the coset 
G/H parametrized by NG bosons |T[]. We can calculate the low-energy scattering 
amplitudes of NG bosons by summing up tree graphs. The target manifold G/H is 
homogeneous and compact and has G-invariant metric. The broken symmetry G is 
realized nonlinearly while the unbroken symmetry H is represented linearly. 

In theories with unbroken N — 1 supersymmetry, there come out some extra 
massless quasi Nambu-Goldstone (QNG) bosons besides the ordinary NG bosons. 
The target manifold of the N — 1 nonlinear sigma model in four dimensions must 
be Kahler [2] with G-isometry and is parametrized by the NG and QNG bosons. 
General methods to construct Kahler potential which determines the effective La¬ 
grangian are given by Bando, Kuramoto, Maskawa and Uehara (BKMU) in their 
celebrated papers 0. 

In supersymmetric theories, the global symmetry G is spontaneously broken by 
the F-term superpotential which is holomorphic function of the chiral superfields. As 
a result, the symmetry G is enhanced to its complexification G c , and the isotropy 
group H is extended to H which contains the complexification H c of H |5|, |3|. 
BKMU constructed the following three types of Kahler potentials for the target 
manifold G c /H. The A- and C-type Lagrangians contain arbitrary functions of the 
G-invariant quantities. The B-type Lagrangian is a generalization of the Zumino’s 
Lagrangian [j2|, and does not have such arbitrariness. 

When there is no QNG boson, it has been proved by Itoh, Kugo and Kunitomo 
(IKK) H) that the most general Lagrangian is uniquely determined by the B-type 
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Lagrangian. In this case the target manifold G c /H is isomorphic to G/H, and the 
unbroken group H must be the centralizer of a torus. This means that the homoge¬ 
neous manifold G/H should be Kahler. This condition restricts the breaking pattern 
and is used to classify all the compact homogeneous Kahler G/H Lagrangian [[|]. 

For the low-energy effective Lagrangian of linear held theory origin, there must 
be at least one QNG boson |5], 0], so that we cannot use the IKK construction. 
Instead, we must use the A- or C-type Lagrangians of BKMU.[] As we already 
remarked, these contain arbitrary functions due to the existence of QNG bosons. 
The origin of these functions is understood geometrically as follows. 

The target manifold G c /H is non-compact and the QNG bosons correspond to 
the non-compact directions i§0- Since the symmetry of the Lagrangian is still G 
but not G c , the metric in the QNG directions is not determined by the symmetry, 
whereas that in the NG directions is determined by the low energy theorems. The 
arbitrary function thus describes the shape of non-compact directions of the target 
manifold || 0. 

The arbitrariness discussed above suggests that the scattering amplitudes of the 
QNG bosons will not be determined by symmetries and there may not be any low 
energy theorem. (PCAC relation in supersymmetric theory has been discussed in 
ref. ||.) In this paper, we investigate the low energy theorems for the scattering 
amplitudes of NG and QNG bosons, and show that the scattering amplitudes of 
only the QNG bosons actually coincide with those of NG bosons, in spite of the 
arbitrariness. The arbitrariness shows up in the scattering amplitudes between NG 
and QNG bosons. We also confirm that the amplitudes of NG in supersymmetric 
theories are the same as those in the non-supersymmetric theory. 

In sect. 2, we review the CCWZ bosonic theories and the low energy theorems. 
In sect. 3, we proceed to the supersymmetric theories and derive the low energy 
theorems. Sect. 4 is devoted to conclusions and discussions. 


1 In this paper, we use only the A-type Lagrangian, because little is known about the C-type 
Lagrangian of BKMU. 
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Figure 1. Riemann normal coordinate 


2 Scattering amplitudes of NG bosons in non- 
supersymmetric theory 


In this section, we start with the bosonic theories. The most general low-energy 
effective Lagrangian is expressed as 

£(<£) = ( 2 . 1 ) 

where we use a, (3, - ■ ■ for curved indices on the target manifold and /i for spacetime 
coordinates. This is a nonlinear sigma model on a general target manifold with 
a metric g a p{4>)- The scattering amplitudes calculated from this Lagrangian are 
invariant under the field redefinitions which may be interpreted as the general coor¬ 
dinate transformations on the target manifold. Using this freedom, we may choose 
the most convenient Riemann normal coordinate (figure 1). It is the coordinate 
spanned by the geodesic lines A*(t)(0 < t < 1) starting from a point determined by 
the vacuum expectation value. 2 

To compute scattering amplitudes, we expand the effective Lagrangian around 
the constant vacuum expectation value </>o (c^do — 0) in the Riemann normal co¬ 
ordinate. Since the metric gij(4> o) is diagonal in this coordinate, we denote it as 

iffiij- We find 0 

£(</>o + tt) = 7^i(0O + 7T)^(0o + 7r)*<9 M (</>0 + ny 

2 We use i,j, ■ ■ ■ for the flat tangent space indices, which coincide with the indices of broken 
generators at <p = <po- 
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Figure 2. Two-body scattering of NG bosons 

= +o« 5 ), (2.2) 

where terms up to the fourth order in are kept because they are sufficient in order 
to compute two-body scattering amplitudes (figure 2). The fluctuating field £* is 
interpreted as the particle propagating on the vacuum 0 O . To calculate many-body 
scattering amplitudes, we must expand the Lagrangian to higher orders in £®. Using 
the definition 

< £ k {Pk),£ l (Pl)\i£int\€(Pi),¥(Pj) > 

= i(2n) 3 4 6 (4 \p k + Pi - Pi - Pj)M(C(pi), ^(Pj) -> £ k (Pk),£ l (pi)), (2.3) 

we find that the two-body scattering amplitudes are in general expressed in terms 
of the curvature tensor as [| 

o f4 [(^ ^)Rkijl ""t" tyRfojn “I ~ (t (2*4) 

7r 

where the Madelstam variables s, t and u are defined by 

s = f (Pi + Pj) 2 = +2 Pi ■ pj = +2 pi ■ p k , 

t = (Pi ~Pk) 2 = ~2pi ■ p k = -2 pi ■ pj, 

u = (.Pi - pi ) 2 = -2 pi ■ pi = -2 pj ■ p t . (2.5) 

3 Since two point function of £ is proportional to f~ 2 , we have to supply /“ 4 to obtain the 

scattering amplitude properly normalized. 
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Our task is now to determine the metric for the target manifold of the effective 
Lagrangian of NG bosons by the symmetries G and H. The coset manifold G/H is 
parametrized by the NG bosons (f) a . We denote the broken and unbroken Hermitian 
generators byQ 


Xi eQ - H , H a e H. (2.6) 

The fundamental variable in the construction of the metric is the representative of 
the coset G/H 

U(<t>) = e^ x e G/H , G ■ X = rX^, (2.7) 


which is unitary. 

In order to express the metric in terms of the fundamental variable, it is useful 
to introduce the Maurer-Cartan 1-form 


-U- x dU = (4(0)W + uu a MH a )dr, 

X 


( 2 . 8 ) 


which is a Lie algebra valued 1-form. The broken generator element of the Maurer- 
Cartan 1-form, e l a (4>) is called the vielbein, which connects the metric of target 
manifold and the tangent space flat metric. The unbroken element cu“(</>) is called 


the canonical H connection. Using the definition given in (|2.8|) , we can explicitly 
write the metric of the target manifold 


9ap{4>) = /%(</>)4(4>4’ ( 2 - 9 ) 

by the decay constant of the pion (NG boson) f n , which has unit mass dimension 
and represents the size of the coset manifold G/H. If G/H is reducible, there are as 
many decay constants as the number of the H irreducible factors; if it is irreducible, 
there exists only one decay constant. 

The Maurer-Cartan’s structure equation 


d(U~ l dU) + (U-'dU) A (i U~ l dU) = 0, (2.10) 

4 The Lie algebras of the groups G and H are denoted by Q and H, respectively. We use the 
indices i,j, ■ ■ ■ for the broken generators and a, b, ■ ■ ■ for the unbroken generators. 
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enables us to calculate the curvature tensor of the symmetric irreducible coset man¬ 
ifold G/H as 0 

Rijkl = fl fij a fakl ■ ( 2 - 11 ) 

The low energy theorems for the two-body scattering amplitudes of NG bosons then 
take the form 


( 2 . 12 ) 


M(e(Pi)^ j ( Pj )^e(Pk),e(pi)) 

= “ U )fki a fajl + (U~ t)f kl a f aij + {t~ S)f kj a f ali ]. 

'J./tt 

This is a well-known result in the current algebra Jl^|. On the other hand, eq. 
is valid in more general cases. If the target manifold G/H is non-symmetric or 
reducible, the curvature tensor is more complicated [7] and so are the low energy 
theorems. 

In conclusion, the scattering amplitudes are written by the geometrical quan¬ 
tities (for example, the curvature tensor in the case of the two-body scattering 
amplitudes). The symmetries restrict the form of the metric tensor of the target 
manifold of the sigma model and are strong enough to determine the geometric 
objects (curvature tensor) in terms of group structure constants up to an overall 
factor. 

In the next section, we introduce supersymetry in addition to the global sym¬ 
metries G and H. At first glance, the restriction seems to be stronger and the low 
energy theorems more restrictive. We will see that this is not true because super- 
symmetry requires extra massless bosons and the target manifolds become more 
complicated. 


3 Scattering amplitudes of NG and QNG bosons 
in supersymmetric theory 


In N — 1 supersymmetric theories, the general Lagrangian for chiral hleds is 

£ = J d?ed?9K{$,&) 
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(3.1) 


= gij*(tp, (p^d^d^ip* 3 + + Y\ k d^ l ^ k ) 

1 

4' 


+-Ri j *ki*V'4 > , 


where the metric tensor of the target Kahler manifold |]TTJ is given by the Kahler 
potential K as[] 

d 2 K(<p,<p*) 


ail .(V,V‘)= g^ ■ 
The chiral superheld has the component fields 

4 = if + V20</> + 99F. 


(3,2) 


(3,3) 


The bosonic part is a complex scalar held 


</? = A + iB, 


(3.4) 


which is the coordinate of the target manifold. Here A bosons always represent the 
ordinary NG bosons, but B bosons may be NG bosons or QNG bosons. In the 
former case the chiral superhelds are called the pure type or the non-doubled type; 
in the latter case they are called the mixed type or the doubled type. The maximal 
realization is the nonlinear realization in which A bosons are NG bosons but all B 
bosons are QNG bosons. In this paper we focus on this maximal realization because 
it is the most natural one in Lagrangian held theories. Although we do not discuss 
the fermions in this paper, fermions in the chiral superhelds are sometimes called 
the quasi Nambu-Goldstone fermions. 

For the low-energy effective Lagrangian with the symmetry G broken down to 
ih, the Kahler potential must have G-isometry invariance (up to the Kahler trans¬ 
formation). BKMU constructed G -invariant Kahler potential by generalizing the 
CCWZ method. The broken and unbroken generators of the complexified group are 
written as 


z R eg c -n, k m e n. (3.5) 

5 Here we use the indices i,j , • • • for general complex coordinates of the Kahler target manifold. 
They should not be confused with the indices of broken generators in non-supersymmetric case. 
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The commutators of these generators are given by 


[K m , K n ] = if MN L K L , [Z R , Am] = if RM N K N , [Z R , Z s \ = if RS T Z T , (3.6) 

where in the last equation, we have assumed that the complex coset G c /H is a 
symmetric space with an involutive automorphism 

Z R —Z R , Am —► Km- (3.7) 


In general, these generators are written by complex linear combinations of the Her- 
mitian generators of G. The Hermitian generators in Q c — 7i correspond to the 
mixed type chiral superfileds, while the sets of non-Hermitian step generators in 
Q c — H and TL correspond to the pure type ones. 

A novel feature in the supersymmetric theories is that the BKMU fundamental 
variable 




£($) = z G G c /H , $ • Z = J2 VZnS?, 


(3.8) 


2—1 


is not unitary. This is due to the complex coordinates (3A). This variable is the 
representative of the complex coset G c /H. The transformation law of £ is 




(3.9) 


In order to write down Kahler potential, let us now prepare some representation 
(p, V) of G. In the case of low-energy effective Lagrangian of linear model origin, 
there are some H -invariant vectors v a ,Vb, ■ ■ ■ G V in the representation space: 

p(H)v a = v a . (3.10) 

The G-invariant Kahler potential (BKMU A-type Lagrangian) is then an arbitrary 
function of G-invariant quantities || 

/i(4,<*t) = /(vpKWjfWH). (3.11) 

For simplicity, we assume that there is only one H invariant vector v in the repre¬ 
sentation space. In this case the coset space G/H is a symmetric one ii- This 



assumption is not so restrictive: For example, this admits the case of the chiral 
symmetry breaking, where G = Gr x Gr breaks down to H = Gy and the full 
target manifold is Gr x G^/Gy |§. 

In supersymmetric theories, it is useful to use the complex coset G c / H version 
of the Maurer-Cartan 1-form (|2.8|): 


= (.EfMZn + l V“(<p)KmW. (3.12) 

l 

The broken generator element of the Maurer-Cartan 1-form E^(p) is called the 
holomorphic vielbein This is different from the ordinary non-holomorphic viel- 
bein connecting the Kaliler and tangent-space flat metrics. The unbroken generator 
element {p) is called the canonical H connection, which, together with a Kahler 
potential, fixes the spin connection in the holomorphic formalism [|. [7j]. These can 
be written in the coordinate p explicitly as 


£/*(¥>) = iSi 


1 — e itp ' T ' 
. <P-T , 

1 


R 


+ 21 *^ ' ^ ' -^) 2 ^- ) g ’ 

s (l~ e ^ T 


wfM = 


(3.13) 


M 


V T Js 


M 


(3.14) 


Here T is the generator of the adjoint representation of Q; (T c )a B = l f ac^■ We 
can always choose the point p = 0 to be a symmetric point, where all QNG bosons 
are set to zero, since any symmetric points are equivalent under the G isometry. At 
this point p — 0, these reduce to 


E%, o = if, (3.15) 

WfV o = 0- (3.16) 

For later convenience, let us calculate the derivatives of these at the point p = 0: 

d,E? = -ls?6jfsT R = 0, (3.17) 

a/W'fUo = -lifij/sr" (3.18) 
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In the first equation, we have assumed that G c / H is symmetric. 

To calculate geometrical quantities in the holomorphic formalism, the following 
formulas resulting from (|3.12|) are useful: 


■v = i£E?Z R v, 


dip' 


d§_ 

dip { 


Z s v = it{E?Z R Z s + Wr[K M ,Z s ])v 


= %{E?Z R Z s + iW? A fMS 1 'Z T )v. 


M . 


(3.19) 


Using these formulas, we calculate the metric tensor from (3.11) 


9iA<P,<P*) = G RS *{p>,p>*)E^{ip){E^{ip))*, 


(3.20) 


where 


G rs * = f{y ] ^iv)[v ] Z ] s ^iZ R v) + f"(v^^v)(iJzl^£,v)(v^^Z R v), (3.21) 

is an auxiliary metric 0 . Note that this is not equal to the Hermitian metric of the 
(flat) tangent space. 

The conventional G/H sigma model is embedded in the full manifold G c /E[ (7J, 
and the coordinates are spanned by QNG as well as NG bosons in the form of 
( 13.4]) . If there are some pure type multiplets, the corresponding B fields are NG 
bosons and the BKMU ( |f8| ) and CCWZ (|2T|) variables do not coincide even if we 
put all QNG bosons to zero; we need a local H transformation from the right to 
compensate the difference 1, s 0- In the maximal realization we are considering, 
however, the imaginary directions are all given by QNG bosons and so the CCWZ 
( [2.7D and BKMU (|3.8| ) variables are simply connected by 


£(^)Iqng=o ~ U{4>). 


(3.22) 


This means that at the symmetric point, = 1 and (|3.21| ) reduces to 

G rs * = f'[y ] v)(v ] Z ] s Z R v) + f"(v ] v)(v ] Z ] s v)(v ] Z R v), (3.23) 


where the superscript 0 stands for quantities at the symmetric point (QNG=0). 
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The symmetric space G c j H is characterized by the involutive automorphism 
0 Since H invariant vector v can be chosen as an eigenvector of the involution 
with eigenvalues ±1, v'ZrV changes sign under the involution and hence vanishes. 
By a suitable choice of broken generators, Zgv becomes orthonormal basis of the 
representation space and we have v^ZrZqv = Sr*s- The auxiliary metric at the 
symmetric point then becomes 

G rs* = f\v ] v)v ] v 5 rs * 

= (3.24) 

where we have defined the decay constant of the pion (NG boson) by 

fl = 2/ , (u t n)u t u, (3.25) 


which characterizes the size of the compact submanifold G/H. The normalization 
in (13.25|) is fixed so as to give canonically normalized kinetic terms for NG bosons. 

For the maximal realization of our interest, the complex version of the Maurer- 
Cartan form ( |3.12| ) becomes the conventional one (|2.8| ) without any local H trans¬ 
formation because of the relation ( |3.22| ). So the holomorphic viclbein becomes the 
ordinary vielbein on G/H, and the effective Lagrangian for A bosons takes the same 
form as the bosonic case: 


£boson| Q NG=0 = a d^ = \g a0 d^A a d^A^. 


(3.26) 


2 ^ m /j h* 2*- 

The fact that we recover the conventional G/H model by putting QNG= 0 in the 
effective Lagrangian can be understood naturally as follows: If supersymmetry is 
broken, the QNG bosons get the mass of the supersymmetry breaking scale. We 
can then integrate out the massive QNG bosons, and obtain the conventional G/H 
model, making the curvature tensor of the obtained manifold identical to eq. (EH- 
The low energy theorems for the scattering amplitudes of NG bosons are the same 
as eq. ( |2.12|) . 

From now on we concentrate on the geometric quantities at the symmetric point. 
We apply these to the low-energy scattering amplitudes of NG and QNG bosons. 
Let us first show that the coset coordinate <p is a special one called the adapted 
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coordinate. According to eqs. (|3.15|) and (|3.24|) , the ordinary metric at the point 
<p — 0 becomes 


9 ij*\v=o = G a RS ,EX-«(Efy 


‘-o — 


The derivative of the auxiliary metric is 


(3.27) 


djGns* = i {f'{z)(v'zl?£Z T Z R v) + f"(z)(v^Z T v)(v'zl?£Z R v) 

+f"(z)(v'zlteZ T v)(vWtZ R v) + f"(z)(v'zl?tv)(vWtZ T Z R v) 
+/'" (z) (vWZrv) (v f Z f s ^v) (v^Z R v )} Ej 
+i {f{z){v'zl?ZZ T v) + r(z)(v^Z^^v)(v^^Z T v)}if MR T W 3 M ,( 3.28) 


where z = v^^v. The derivative of the metric (|3.20| ) is 


dm- = (diGBS‘)E?(E?y + GwldjEZHEfy. (3.29) 

At the symmetric point, this reduces to 

3m° = \H(-fMR S -nfE*(E?y + SnsyaxXEfyf, (3.30) 

and especially at the point ip = 0 to 

djg k i*\v=o = °> ( 3 - 31 ) 


as a result of eqs. 


(|3.1(j|) and Q3.17|) when G c /H is symmetric. 


Since the inverse 


metric at the symmetric point is 


9 V = (E R (E J s )*y 


(3.32) 


the (coordinate) connection at the symmetric point is given by 

rV = (9 a 'a m .) a 

= (-fMR S W, M E«E‘s + (3jEl)Es)°, (3.33) 


and especially on the point (p = 0 by 


V i I - 

1 jk\<p =0 


o 


(3.34) 
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due to eqs. (|3.16|) and ( |3.17| ) when G c / H is symmetric. The coordinate with the 
properties (|3.27|) and (|3.34|) is called the adapted coordinate on the point = O.fj 
Because of eqs. (|3.31|) , (|3.17|) and (|3.15|) , the curvature tensor in the adapted 
coordinate becomes 

d A K 


Rij*kl* Ivj=0 9ij*,kl*\<p=0 


d(p l d<p*W<p k d(p 




RrxS\* 


— ( dkdi*GRs*)\ v =o8i , . 

According to eq. (|3.28|), the second derivative of the auxiliary metric is 


(3.35) 


(M.GW)I*=o = [f\v\^ZlZ ] v ZuZ R v) 


+g 2 (^RU^S*V* + &RV*buS * + fiRS*fiuV*)]fik )*j (3.36) 


and the curvature tensor at the point </? = () in the adapted coordinate is 
Rij*ki*\<p=o = Z s Z v ZuZrv) + g 2 {S R u^s*v* + ^rv*^us* + 5rs*8uv*)} 


x5?vf)xwr, 

where we have defined the constant g by 

2 def n/f / + \ / + \ 2 

g = f (■ v J v)(v J v) . 


(3.37) 


(3.38) 


The constant determines the total size of the compact submanifold G/H. On 
the other hand, the constant g and higher derivatives of the arbitrary function 
/ control the shape of the non-compact directions of the target manifold. Note 
that the curvature (|3.37|) has the symmetry of Kahler manifold Rij*ki* = Rkj*u*, 
since Rij*ki* —Rkj*u* contains the commutators of broken generators, which produce 
unbroken generators when G c / H is symmetric, and vanishes upon multiplying the 
H invariant vector v. 

In sect. 2, we have found that the scattering amplitudes are written in terms of 
the curvature tensors of the target manifold. Let us repeat the same analysis here 
with the above formalism. Supersymmetry requires that the target manifold should 
6 That we can choose an adapted coordinate on any point is a necessary and sufficient condition 
that a complex manifold should be a Kahler manifold. 
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be Kahler. This requirement restricts the form of the curvature tensor of the target 
manifold and also the low energy theorems. The low-energy effective Lagrangian is 
expanded by the fields <p and -0 around the point ip = 0 up to fourth terms as 


C = gtj* | ^ =0 d^d^tp * 3 + igij* \ ^=o 4> 3 

+ 1^=0 ipb^d^d^ip* 3 + ^Rij*ki*\ v =o 

+ iRij*ki* 1^=0 ip^d^ffia^). 


(3.39) 


In deriving this result, we have made a holomorphic coordinate transformation to 
eliminate non-covariant terms. The last three terms are the interaction Lagrangians, 
which are described by the curvature tensor of the Kahler manifold. They give the 
two-body scattering amplitudes by the curvature. 

The low-energy scattering amplitudes are directly connected with the curvature 
tensor in the real basis. In such basis, the components of the curvature tensor in 
the Kahler manifold are divided into four types 



RB i AiB k A l = RA i BiA k B l = ~RB i A^A k B l = ~RA i B^B k A l 
Rb*- Ai A k A 1 = Ra { Bi A k A 1 = ~RA l Bi B k B l = RB i A^B k B l 
, RAiAiB k A l — ~RA i AoA k B l = Rb*-B iA k B l = RB i B^B k A l 


(3.40) 


as a result of the Kahler conditions.[] These curvatures have the symmetry under 



(3.41) 


and so do the scattering amplitudes. 


The first equation in (|3.40|) implies that the two-body amplitudes of the QNG 


bosons coincide with those of the corresponding NG bosons 


7W(NG, NG -> NG, NG) = .M(QNG, QNG QNG, QNG), (3.42) 


owing to eq. ( |2.4|) (see figure 3). Note that this is a result following solely from the 
Kahler conditions and is valid for general Kahler sigma models. 


‘ These are equivalent to the vanishing curvature conditions Rijki = Ri*jki = Rij'ki = Rijk*i = 
Rijki * = Ri*j*ki = 0 and their Hermitian conjugates. 
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NG NG QNG QNG 




NG NG QNG QNG 

Figure 3. Scattering amplitudes of QNG coincide with those of NG 


Let us now evaluate the actual values of the curvature tensors in the real basis. 
By using ( |3.37|) and 


d A i = di + d* , d B i = i(di - d*), 


(3.43) 


we derive^ 


^'A i AiA k A l \<p =0 ~ Rij*kl* + Ri*jkl* + Rij*k*l + Ri*jk*l 
Rij*kl* Rji*kl* Rij*lk* 4“ Rji*lk* 

= J'(v'v)v'{Zs[Z v , Z U }Z R - Z R [Z V , Z V ]Z S 
= fJ RS M !Mvv6*Sp u k SY, (3.44) 

where we have also used eq. (|3.25|) . This depends only on the hrst derivative of the 
arbitrary function and the higher derivatives all cancel out. It is thus completely 
independent of the shape of the non-compact directions. This result demonstrates 
that the curvature tensors and hence the low energy theorems for the NG bosons 
coincide with those in non-supersymmetric theories. 

Similarly, we can obtain the components of the curvature tensor involving both 
the NG and QNG bosons. One finds 

Rb , ‘A^>B k A l \‘f=0 i ( Rij*kl * Ri*jkl* Rij*k*l T Ri*jk*l) 

= -fXJv)v\Z s {Z Vl Z V }Z R + Z R {Z V , Zu}Z s )vS^SfS^SY 

—^g 2 (bikfijl + dilfikj + fiijdkl)- (3.45) 

8 For notational simplicity, we do not write y = 0 on the right hand side. 
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These components include higher derivatives of the arbitrary function, which con¬ 
trols the non-compact QNG directions, showing their dependence on the shape of 
non-compact directions and the details of the underlying fundamental theory. The 
low-energy scattering amplitudes for two NG bosons and two QNG bosons are cal¬ 
culated by use of eqs. ( |3.45| ), ( |3.40| ) and ( p.4|) . They also depend on the higher 
derivatives of the arbitrary function. 

We also find from (|3.40|) P1 

RB i AiA k A l 11^=0 i(Rij*kl* Ri*jkl* T Rij*k*l Ri*jk*l) 

= if\v'v)v\Zs[Z v , Zu]Z R + Z R [Z V , Zu}Z s )v5f5 s 3 5 u k 5j 

= 0, (3.46) 

R'A i AiB k A l \(p=0 i(^Rij*kl* Ri*jkl* Rij*k*l Ri*jk*l) 

= if\v'v)v\Z v [Z s , Z R ]Z V + Zu[Z s , Z R ]Z v )5^5 u k 5^ 

= 0. (3.47) 

From these two equations and eq. ( ESP , we find that all components of the cur¬ 
vature tensor which include odd numbers of NG bosons and QNG bosons vanish. 
Eq. Q2.4|) then tells us that the low-energy scattering amplitudes with odd numbers 
of NG bosons and QNG bosons all vanish. 


4 Conclusions and Discussions 


In supersymmetric theories whose global symmetry G is broken down to its subgroup 
H , there appear the QNG bosons besides the ordinary NG bosons. The low-energy 
effective Lagrangian can be described by a nonlinear sigma model whose target 
manifold is a Kahler coset G c /H with only the compact symmetry G. The manifold 
is non-compact and its non-compact directions correspond to the QNG bosons. Since 
the global symmetry does not restrict the shape of the non-compact directions, the 
Kahler potential of the effective Lagrangian includes an arbitrary function. 


9 Actually these two quantities in ( p.46| ) and ( [j.47 ) are not independent since RB i AiA k A‘ = 

R-A k A 1 B i Ai ■ 
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Nevertheless we have shown that the low-energy scattering amplitudes which 
has only QNG bosons are equal to those of the corresponding NG bosons. The 
arbitrariness comes into the low-energy scattering amplitudes which has two NG 
bosons and two QNG bosons. The low-energy scattering amplitudes which have the 
odd number of NG bosons and QNG bosons all vanish for the case of symmetric 
point. 

In this article, we have investigated only the two-body scattering amplitudes. 
However, generalization to many-body scattering amplitudes is straightforward. If 
we expand the Lagrangian in the Riemann normal coordinate to higher orders in 
£, the coefficients are covariant geometrical objects such as covariant derivatives of 
curvature tensor. We can obtain (exact) low-energy scattering amplitudes by using 
the effective Lagrangian. They will have the symmetry NG —> QNG, QNG —> —NG 
similar to the two-body amplitudes, and we can obtain the low energy theorems of 
NG and QNG bosons. 

Another interesting extension of our work is to examine how our results are 
generalized at non-symmetric point. We expect that such a generalization brings 
new features into the low energy theorems. 
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